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The stress field in a matrix containing a
partially debonded elliptic inhomogeneity
of identical Poisson’s ratio

B. L. KARIHALOO, K. VISWANATHAN*
Department of Civil Engineering and Surveying, University of Newcastle, New

South Wales 2308, Australia

Studies on the stress field in an infinite elastic matrix containing an elliptic
inhomogeneity that has debonded over an arc of its boundary are reported. The
matrix is under plane strain conditions. The solution is obtained by an extension of
Eshelby’s equivalent inclusion technique, but is restricted to the case when
Poisson’s ratios of the matrix and inhomogeneity are equal. Numerical results are
given for the stress-intensity factors at the tips of the debonded arc and for the

relative displacements across the debond.

1. Introduction

The mechanical properties of composites,
especially their fracture toughness, are strongly
influenced by the quality of bond between the
matrix and reinforcing inhomogeneities. Yet,
given the fact that the latter generally act as
stress raisers, debonding seems to be inevitable.
The study of the behaviour of a composite in
which the inhomogeneities have debonded par-
tially or fully from the matrix is therefore
important in gaining an understanding of its
fracture toughness.

The mathematical problem corresponding to
partially or fully debonded inhomogeneities in
an elastic matrix is far more complex to analyse
than the already tedious problem resulting from
perfectly’ bonded inhomogeneities [1-5]. In a
recent investigation [6] (this paper also contains
other useful references), the present authors cal-
culated the stress field in an infinite, elastic
matrix containing a partially debonded elliptic
inhomogeneity. The matrix was under anti-
plane strain conditions. The solution was
obtained by an extension of Eshelby’s equivalent
inclusion technique [7, 8). In this paper the
technique is further extended to the study of a

partially debonded inhomogeneity under plane
strain conditions. The extension is by no means
straightforward, although several simplifi-
cations result from equality of Poisson’s ratios
between the matrix and inhomogeneity. It is this
special case which forms the subject of the
present paper. The general case of arbitrary
Poisson’s ratios requires an altogether different
approach; this solution will be reported in a
separate communication.

From the solution of the stress field we cal-
culate the stress intensity factors at the tips of
the debonded arc and the relative displacements
across the debond. Two numerical examples
have been studied in detail.

2. Statement of the problem

Fig. 1 shows the geometry of the matrix along
with the elliptic inhomogeneity (Q) and the
co-ordinate axes. (4, u) and (4,, ;) denote the
Lamé constants of the matrix and inhomogen-
eity, respectively. The solution of the equation of
equilibrium

o + X = 0 ij = 1,2 (1)

can be formally represented as
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Up(®) = — [ 08X )Gn(x, ¥)AQX)

— £ 7)Y, [G" (x, *)n(x)dT(x")

@

Here, I" denotes the arc of the debonded bound-
ary, o are the eigenstresses associated with the
(unknown) eigenstrains e} distributed over the
region of ©, and vy,(x) are the dislocation den-
sities across the debond for a homogenecous
material. The unknowns ¢} and y,(x) are to be

determined from Eshelby’s equivalence relation
ofx) = G;(w) + }(x), (x<=Q) 3

and the traction free boundary condition across
the debond

{o(u) + a}}n(x) = 0, xcD) @

where ¢} is the far-field applied stress, n;(x) is the
unit outward normal to T" at x, and g is the
stress-operator with (4, u) replaced by (4, f)
where

1= BE=(—mwm O
Finally, Green’s function G;(x, x’) in Equation
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Figure 1 The debonded elliptic inhom-
ogeneity, showing the coordinate axes
and the remote stress-field.

2 is given by

Gy(x, x')
_ [.’% @3- 4v)5ijlogR:l/81ru(1 — )
(6)
where
% = (x;— x) )
R = |x — x| (3)

and v is Poisson’s ratio.

3. Solution of Equations 3 and 4
Due to debonding, the eigenstrains ¢ will con-
sist of both singular and non-singular parts, the
former being absent for perfect bonding. Let us
assume that
— I 11
ef = ef + ef
and correspondingly
[ i
o} = of' + of
where
of =

Ady(efy + e%) + 2uef C)]

Here, e}' and ¢}' denote the non-singular



parts which will be in the form of a power-serics
like the applied strains

o; Z:: Zﬂxlxz (10)
Therefore we assume that
ZO ﬂzo bl xix§ (11

The expansion coefficients b%; are to be found in
terms aj; by equating the non -singular parts of
Equatlon 3. The corresponding equation is

af'x) = 5P
+ [, B (NEIG (x, ) dQAx); (x = Q)
(12)

where we have incorporated an integration by
parts in the integral over Q.

The integral over Q in Equation 12 can be
evaluated as in our earlier work [6] and we can
write it as

[, )5, [G (x, ¥)],dQAx)

Z;C’ﬂxlxz
(13)

where CJs are linear expressions in terms of b%.
The details of evaluating Equation 13 are given
in the Appendix. The coefficients CJ; can be
written in a more general form than that in the
Appendix:

Ch =

5 iy (149

where
7= A0;(biy + bE) + 2ubl,  (15)

Summation convention over repeated indices is
assumed throughout this work. Note that B, are
the expansion coefficients of o' corresponding
to e}' (Equation 11).

A comparison of like terms of the expansions
on both sides of Equation 13 leads to the follow-
ing equations for BY:

B, = Al + BY Dyt (16)
where
A%,

),5,](61“,3 -+ aotﬁ) -+ 2,Llalj
25,](61“5 + aaﬁ) + 2/161

(17

with 7, it defined in Equation 5.
Thus (B%) can be solved from Equation 16 in

terms of (A4%;) which are known in terms of (a )
from Equation 17. Then Equation 15 gives (57 )
thus completing the determination of the non-
singular eigenstrains e%/.

3.1. Singular part of the eigenstrains
Next consider the singular part of the
eigenstrains e}'. From Equation 3 it follows
that these strains must satisfy the following
equivalence relation

of'(x) =

(1)
— § 2@ (¥ ) {5,[G(x, ¥ )}AT(x) (18)
and boundary condition (Equation 4)
(00§ 762 I (x) 0
x {0,[G(x, ¥ )HI(x) — ny(x)a, (D]
= o (x0)m(x) + n(x) Z Chxixd (x<=T)

(19)

In the above relations we have used the notation

I=1, = — f0}'(x)Gm(x, x)dQAx)
(20)

Also, the part of the Q-integral in Equation 4
arising from o}' is easily seen to lead to the
last-term on the right hand side of Equation 19
and it differs from the integral in Equation 13
only to the extent that o; replaces the
&,-operator. Thus Cj; in Equation 19 are given
by a modified from of Equation 14, i.c.

Cly = By DIt} 2n
where D{{*f are obtained from D{f¥ on replacing
(%, @) in the latter by (A, p).

The solution of Equations 18 and 19 for

o}"(x) and y,(x) seems to be far more com-
plicated than that of the anti-plane case [6].
However, when Poisson’s ratios of the two
materials are equal a procedure similar to that
adopted in [6] may be followed.

3.2. Special case of equal Poisson’s
ratios (v = v,)
When v = v,, assume that the eigenstrains e}"
and eigenstresses o' can be derived from a
“generating” dlsplacement w*'" of the form
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w(x) = u*(x)
= = [ B )ne(x)0,{G"(x, ¥)}dI(x)
(22)

This is justified because the singular part will
arise only from a distribution of sources
(dislocations) on the debonded arc I'. Substitut-
ing Equation 22 into Equation 20 leads to the
result

I, = fr B (x" )y (x7)0, (E)AT(x")  (23)

where

E = |, 046G, x)Gp(x, ¥)dQ(x)
= [0 = ¥ )G, ¥ )Qx)
= — #,G,,(x, X)) = — G"(x, x")
24)
Here we have used the fact that
0,;(G™) = — ,,0(x — x') (25)
and have defined
1, = (04, 93), = 1,2 (26)

In Equation 25 G™ denotes the vector G, (x, x)
at a fixed m, 9,, is the Knonecker delta and
d(x — x’) is the Dirac delta function. Employ-
ing Equation 24 in Equation 23, we get

L, = — fr' B (x")n (x") 01 [G™(x, x)]dT(x")

@7

Substituting Equation 23 into Equation 2 the
displacement vector u,, may be written in a
simple form

Up(X) =

- -fr [Bi(x") + 7.(x")In(x")o,[G"(x, x)}I(x)
+ [, o () Gy, ¥)AQx)
(28)

Substituting Equations 22 and 27 into the
equivalence relation (Equation 18) gives

f. B me(¥)o, {0 [G(x, ¥)}dI(x)
= { Bx) + ne@)me ()
X 6,{0[G(x, x )]} dT'(x") xcQ
(29)
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When v = v,(i.e. 4/u = 4,/u,), we have
Ak = ifu (30)

In this special case the operators o, and G; are
linear multiples of each other (see Equation 9),
and Equation 29 has the simple solution

i - i]
Ay
The second relation between B, (x) and y,(x) is

provided by the boundary conditions (Equation
19). From Equations 19 and 27 it follows that

Bi(x) =

(%) @30

m(x) . {Be(x) + 1)} me(x)

x 0{ow [G(x, X} dI(x") = oy(x)n(x)
+ n,(x) Z‘; Cixixf  (x<=T) (32)
Note that on the debonded arc I”
x, = a(l — x3/p)E, —I<x <l
(33)

where 2/ measures the span of the debonded
region and a and b are the semi-major and semi-
minor axes of the elliptic inhomogeneity.

The unit outward normal », on I is defined by

(,m) = (a/d, x/b)/T(x) (34
where
T(x) = (xj/a* + x3/b*)! (3%)
Also note that, on T,
d(x’) = T(x')(@*/x})dx;) (36)

In view of the expected singular behaviour of
the solution, we assume that
’ ’ 1 2 s2\1
[Be(x") + 7.(x)] = 2——(1 - xy)?
3
Xk 4+ y5x) + x4+ L) 37

Thus Equation 32 reduces to a singular inte-
gral equation with Cauchy-type kernel

1o (P — x?)F(xy, x3) |,
i S L
= pl)(=l < x, < I); i = 1,2
(3%)

where



Fx, ) = (05 + Vixs + 95 +..)

X T ey () )
% 00w Gl XN} (5 — 1) (39)
It can be shown that
Rl ) = Labtx  (40)

where o), are defined in terms of y’,ﬁ in the
Appendix. In Equation 38,

pi(x) = (Xl/az)o'?l + (Xz/bz)o'?z
+ (xl/az)( + Ciox, + Coix, + ...

(xz/b2)( Cixi + Coix, +..)
(41)

where x, is defined by Equation 33.

Employing Equations 40 and 41 in Equation
38, the integration can be performed term by
term, and a comparison of both sides made after
expanding them in power series of x, to give the
required relations for y5. Up to the first order
terms, these are

P, Y
[+ a5 ) (s )|

1 . ) |
= E(Ag‘) + Cio) + (Al + Cfh);  (42)
k 1 ik r ik
Yo —”01 — gt + Zr12
12 lz
+ ?l(‘roo + ‘4‘_"11) + ?2(2"’1’3)]
1 2 2
= 'b—i(AOO + Cy)
Al AR C Cci
(a bz Z + blzo); (43)

+
: 4 I
o5 -t - s+ )
. . 2
v (=3 — s+ )
]2
ot (-3m+ Lot
1 il il il
= 2 b2 A + COO bz A + ClO
1 i2 i2
b2 AO] + COl

(44)

Here, i, k = 1, 2, and summation over repeated
indices is assumed r* are defined in the Appen-
dix, while 4%, are given by Equation 17. This
completes the determination of the singular part
of the eigenstrains e}''.

4, Stress-intensity factors and
relative displacements of the
debond faces

The singular behaviour of the stresses at the tips

of the debonded arc can be studied by applying

the stress-operator to Equation 28 and retaining
only the singular parts given by the integral

over I':

L=oum = — 0 J[r [Be(x) + y(x)]ne(x")

x 05{0u [G(x, x)]}dI(x")

_ [ )
2nT(x) ’r x5 — x,)° 2
@ =T )
R O} S
= 27'CT( )[( (()'())XZ (i)x2 + a(l)x + )

+ (@82 + ) xd + odxd + .. )
+ (g + of)xs + o + .. )

1 .
(3 — 1Py
Resolving t;in the normal (n;) and tangential (¢,)
directions and letting x, — +/ we obtain the
stress-intensity factors at the debond tips as
follows. First we write the normal and tangential
stresses as

+..] (Ixs) = 1 + 0)(45)

K [(2nd,)} (46)

Om = Tl =

Kii /(2ndy)* (47)

Tyt Ti ti =
where + refer to x, = +/and 4, is the distance
along the tangent from either of the tips. The
stress-intensity factors K and Kj; are given by

K = Kifnf

+ Kifnf (48)
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where
"i = (nlis n2 )
2\ ] 12 I\
o3 (O (R s
t* = (tf, t5)
al P\ AR
= |tz It
(50)
and
(nl)a(l + Pb*):
Kt = + 1z 21V
x {of) + o) + i3] 1
+ ol + o)+ 1P+ (= 1,2
(51

where o) are defined in the Appendix. The non-
dimensional stress-intensity factors are defined
by

(52)

The “effective” relative displacement of the
debonded faces is given by

Ay, = Bi(x) + y(x)

Klﬁl = Kfil/(ﬂﬁ )

1 N
= E(l2 — PO+ v+ g+ L)

(53)

Ay, can be resolved in the normal and tangential
directions to yield

(Ag)ni =
(Aﬁ)gi =

(54)
(55)

Ay, .,

5. Numerical examples

We illustrate the procedure by means of a
specific example. The applied strain (Equation
10) we take in the form

0

e = (af + dlpx, + afx,)  (56)

where we have retained terms only up to first
order in x. We assume correspondingly the non-
singular part of eigenstrains:

(57

The Relations 14 defining CJ, for this case are
explicitly given in the Appendix. BY; can be
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o N . N
ey = (b + bloxy + biix,)

solved from Equation 16, and 47, from Equation
15. Thus the eigenstrains e}’ in Equation 57 are
determined.

Next CY, are obtained by merely replacing (4,
fi) by (4, ) in the expressions for Dj,.; given the
the Appendix. This allows the determination of
7% from Equations 42 to 44. From Equations 31
and 37 we finally obtain the functions y,(x) and
B, (x)

) = 5

X6+ 7%+ + ) (58)
B = 300 - )

X6 + VX + ¥+ ..)  (59)

Using o) obtained in the Appendix, the
stress-intensity factors can be found from
Equations 51 and 52. The relative displacements
across the debonded arc T' are given by
Equations 53 to 55.

For the numerical calculations we have con-
sidered the following two loading cases.

Case 1

e, = 1, en = e = 0

(60)

For this case, it follows from Equation 56

ap = 1

11 11

ay = ay = 0

a? = a2 = 0, forall mand n. (61)

The solution is symmetric about x, = 0. Hence
the stress-intensity factors and relative displace-
ments are shown only for the region x, > 0.

Figs. 2 and 3 show the variation for K; and Kj;
with respect to the debond size (//b) for several
values of the ratio (b/a) of the elliptic
inhomogeneity and for two values of the par-
ameter 4,/A = 20 and 50. Here, and in the
sequel, Poisson’s ratio has been chosen as
v = v; = 0.3. The debond size affects the stress-
intensity factors significantly, especially for large
values of b/a.

Figs. 4 and 5 show the normal and tangential
relative displacements across I' for bj/a = 0.4
and 0.8, respectively. In both cases, we have
assumed 4;/A = 26 and v = v, = 0.3.

Case 2

e = éd = &, =0

(62)

1+ x + x,
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Figure 2 Stress-intensity factor K| corresponding to the applied strain (Equation 60). 4;/4 = 20 (solid lines) and 4,/ = 50
(broken lines). In all cases, v = v; = 0.3.
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Figure 3 Stress-intensity factor K arising from Equation 60. Key as in Fig. 2.
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Figure 4 Relative displacements of the debonded faces due to Equation 60. 4, /4 = 20, b/fa = 0.4andv = v; = 0.3. Normal
displacements are shown by solid lines and tangential displacements by broken lines.

In this case,

11 no_ no_
aw = 1, ap = 1, aq = 1

= 0, for all m and n (63)

12 __ 22

a [ .

mn

It is obvious that the results will not be

symmetric about x, = 0. Figs. 6 and 7 show the
stress-intensity factors on either side of x, = 0
for A,/A = 20, and v = v, = 0.3. Again, it is
noticed that for large values of b/a, the fluc-
tuation with respect to the debond size (I/b) is
prominent.

8 T T

0.6 0.8 10

x/[1

Figure 5 Relative displacements of the debonded faces due to Equation 60. 4,/ = 20, bfa = 0.8 and v = v, = 0.3.
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Figure 6 The stress-intensity factor K, for the applied strain (Equation 62). 1,/ = 20, and v = v, = 0.3. (Solid lines
represent x, > 0 side of debond and broken lines x, < 0 side of the debond.)
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Figure 7 The stress-intensity factor K;; for the applied strain (Equation 62). 1,/4 = 20, and v = v; = 0.3. (Solid lines
represent x, > 0 side of the debond and broken lines x, < 0 side of the debond.)
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Figure 8 Relative displacements across the debonded faces corresponding to the strain (Equation 62). 4,/4 = 20, bja = 0.4,
v = v; = 0.3. Normal displacements are shown by solid lines and tangential displacements by broken lines.

Figs. 8 and 9 show the relative displacements
across the debond I for —/ < x, < [for the two

cases bfa = 0.4 and 0.8. In both cases, we have
chosen

Apparently peak values occur near the tips for
AJA =20

large values of the ratio //b. This may be due to

the restriction on the Poisson ratio.
and y =19, = 03. In conclusion it may be noted that the stress-
8 | T | T T
1/6=0.8 _
e \\
s/
— / N
/ AN / \
6 / \ / =
/ \ / \
/ \ / i
/ \ / \
/ - ~ \\ // \
) \
N { AN \ / !
= 4 N \ / !
\
) 4 // N \ / 1
=2 /i N \ / \
o I// \\ \ ! \‘
Il N \\ / 0\ |
! \
H > / \ \
| <\ [
2p AN // g \
I / 7 Y
f N / v Wi
N 4 W
f (A ,/ e \
D Y
\ d
0 1 | N7 L
-08 -0.4 0 0.4

08
Xy /Z

Figure 9 Relative displacements across the debonded faces corresponding to the strain (Equation 62). 4,/4 = 20, b/a = 0.8,
v = v, = 0.3. Normal displacements are shown by solid lines and tangential displacements by broken lines.
4112



intensity factors at the debond tips and the
relative displacement across the debond are
greatly influenced by any inhomogeneity in the
external stress field and by the extent of the
debond size. The present analysis was restricted
to the matrix and inclusion having the same
Poisson’s ratio. The influence of relaxing this
restriction is under investigation and will be
reported in a separate communication.

Appendix
The integral Equation 13 may be formally
rewritten as

Iij = &y(U)
= [, 0B (x)5,{G (x, ¥)}.AQx) (A1)

where

U= U = [ of(x)Gulx, x)dQx)
and
UI?II(X) %Baﬂxlxz = B(I)cé + B]oxl + Bmxz

(A2)

In Equation A2 we have retained only terms
upto the first order in x as required by the
examples considered in Section 5. It should be
noted that I (Equation A1) will be a polynomial
of the same order as 6}' (Equation A2):

I, = C4+ Cix, + Cix, (A3)
where
Ch = BBl
Cly = BRDy + BiiD}y
Cgi = BlkéDkIy + Bgll Dklij (Ad)

The coefficients Df;;, which are written here in
a more simplified form than in the text
(Equation 14) because of the order of x appear-
ing Equation A2, are obtained by following a
procedure similar to that adopted in [6]. In fact,
it can be shown that

_I:’,’}ij = 151‘]‘( i + Tim) + (T + T
(AS)

where

1
Tklij -

2 -
Tklij -

3
Tklij

4
T klij

Tkl:] =

A[—(E» — & d, + Ldy)
+ 5(d, + d5) + L(d, + d)
3 Qk,l 3 25 ,2(,,]
AI:——(3 — 43I, — 25)d,

— G = L - 2L)d,
+ GL — 25)(d; + d)
+ (L — 21,)(ds + do)

_ ﬁ]_l ki 25/'2 kli
az 3 a2 b2 4

= A[—(3 — (I, — 21)d,

— (3 — 4L, — 2L)(b[a’)dy
+ (4, — 2L )dy + dy)
+ (L — 2L)(dy + dyy)

45]1 kli 25]2 kli
- 10 11 |
& ap

= A[—(3 — 4@ '), — 21,)d,

— (3 — (L, — 21,)d,
+ (I, — 2L )Ydy + d)))
+ (L, — 2L)d,, + d,)
200 i 46p ,Sdl]

ahr =t b’

A[—(3 ~ 4y, — 21,)d,

— (3 — Q3L — 2I)d,
+ (h — 2L)(d; + ds)
+ (3L — 2L)d, + d)

— ﬁ ki 4_512 kli
a2b2 11 bz 12
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and

A4 = — 1[4l — )]
(dl, d7) = ( il s 5,2)5ki511
(dz’ ds) = ( 2 jl)éki512
(d3, d9) = (5,'1, 5/2)5k15i1 (A7)
(d4, le) = (512 5j1)5k15iz
(d5= dn) = (51'1» 5]2)61i5k1
(déz d12) = (5}'27 5;‘1)511‘5/«2
The various integrals /,, . . ., ,and Q% . . ., Q%
appearing in Equations A6 are given by
Iy = (b/a)/(1 + bja)
L = 1)1 + b/a)
L = (/a1 + a2b)/(1 + bja)’
I, = (b/a)/2() + bla)’]
L = (1 + b2a)/(1 + bja) (A8)
) 1 Ll
kli - k*ibi
o1 = 5[ 1 de
. 1 2 1 ll
ki~ fkbihi
= ] b e
l;li — lez _ klt
icl[ = a Qéclz _ 2Qk11
lecli — %Qlldi _ bz Qkh
Igli - LQka
) 1 l l
ki l i
M= 2nj £Hdg
i 2n l l i
Igl = J 11 2 klzl d¢
) 1 l )
kio_ L (= kit
> = 5~ hh-pd¢ (A9)
ki _ 1ok l kli
n = 2%¥2 358
Ilc{i — klt 2Qk11
kli . 3 ki _1_ kll
12 = 2% b2
. 2n ll i
o= J Brrdg
I = cosg, b, = sing, I = (/a) + (BIB).
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This completes the evaluation of coefficients
C appearing in Equation 13. To obtain coef-
ficients Cqp appearing in Equation 19, we simply
replace (4, ji) in Equation AS by (4, p).

Next we obtain the expansion of function
Fi(x,, x;) in powers of x, and x} (Equation 40).
Note that Equation 39 may be rewritten as

E(x27 X&)
= (5 + yfxs + 957 + L) ulxe, X5)
(A10)

where

b = (x5 — xz){(%“n{ } + %‘7:2{ }>

ax)

X <ak1{ 4+ x, —— 01 })]G(x, x)

Here ¢,{ } denotes the usual stress tensor
operating on a vector. ¢, (x;, x3) may be
expanded in powers of x, and x} for x and x” on
I'. Accordingly, we write

Gulxy, ;) = Zraﬂxzszﬂ;

(Al1)

(x,x" =)
(A12)

To determine r;;, we need to evaluate
expressions of the following type:

o{ Joul }G(x, x) = o¢,0M), say
= 26,0 + vio) + uOvi + Vi (A14)
where

Vg = - j-5k1(G1i,1j + GiZj)— V(Gli,lj + Gli,kj)

(A15)
the change of sign being due to an interchange in
the derivatives with respect to x with those with
respect of x’. From the definition of Green’s
function (Equation 6) it follows that

i _ 1 5lm6ki _ 2jixk61m
T 8ru(l — ) R
Opm Oy 2%, %0 (3 — 4v)0;, 04
TRTOTR TR
2(3 — X %0, 8K, X, X X
R R

2
- ﬁ(akixmxl + O XiX; + 5k13_ci3_cm)]

(A16)



where, as before ¥, = (x/ — x,), R = |x — x/|.
Since x; = a(l — x3/b)'* on I may be
expanded in a series of powers in x,, let us write

T, = %/% = E{ + EQx, + EOx, +
(A17)
where
EY = 0.EY = 1,
EY = E) = — a2b*,... (Al8)
ED = EQ = 0,...
and
= 5_ 1
R? 1+ 72
a2
= 1 - 500+ x)" + (A19)
From Equation A17, we also have
)_ci‘i'k ik ’n
T = —s = ; A20
T Tk ()—Cz)z mz’n nmn Xg'xz ( )
where
Mg = Z;E“’Ef;’n;
m+m = an+n = f (A2])
Thus we can rewrite Equation A16 as
(x; — %)*GL (x, x') = _ L
2 2 mki\Vs - Sﬂﬂ(l — V)
X {[0m0i + 0pmby — (3 — 4v)3,,04]x
— 2y¢* + 8uT, T} (A22)

where
V= 0Ttk + 0T, T — (3 — 4v)5, 1T
+ 0xTT + OpmTiTy + OuTiTy,

= Y 4" xbxy  (say) (A23)
Pq
and
LT Tl = ( Ma X3 %3 z; ’1%3@?6/26)
Ps
=Y sixdx?  (say)  (A24)
p.gq

It is easily verified that
ti’is"" = Opniy + Oulay + Oitllg

(3 - 4v)5tmnaﬂ
(A25)

+ 5km’7gﬂ + Sumiy —

and
kl kil
st = ; Mg Myss

(@+y =p, B+d = q (A206)

Substituting Equations A23 and A24 into
Equation A22 gives

(% = %) Gpu = %Fiﬁ”klx%ﬁ (A27)

where
F(;‘gkl — [A _ 2tzklm + 8Szmk1
Fli:)nkl — A( 2ttklm + 8 Stlrgkl)
Fxmkl — A( 2t:klm + 8si0nltk1) (A28)
Fzmkl — A(_ AO a2/4b4 b4 tgalm 2 ttklm
2

624 Sg(r)xkl + 8s1mk1>

Fimk = A(— Ayd?/4b* — 21Hm 4 b4t;§{’”

thkl — A(— AO a2 /2 b4 Zb‘f ikim 2 txklm
124°
bf Sg(r)lkl + 8stmkl)
and
A4 = 1/Bru(l — v)
Ay = 90 + S0y — (3 — 4)d,,0y

(A29)

Next, using Equation A27 in Equation A15, we
have

o= Hxrxf o (A30
5 (x2 x2)2 %f 2 ( )
where
SE = = 10 + FE) — u(FY + Fi)
(A31)
Employing Equation A30 in Equation A12 gives
similarly
o;{ }ou{ }G(x, ¥) = o ; O x5 xif
X;)
(A32)
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where

églél — léij(f;;lﬁlk[ +ﬁ?k1) + H(.f:{ikl _*_f;{:li;kl
(A33)

Substituting Equation A32 into Equation All,
we obtain the required power series expansion
for ¢u(x,, x3) in the form of Equation Al2
where the expansion coefficients are given by

oy = (1/a)dy’

= (sl + (1B

A= (s + (R (A34)

o= (AR — o) + (/5

A= (IS + (B + (1R
+ (afb*)53?

o= (R + ARE, et

Finally, it is easy to show from Equations A10
and Al2 that

Fixy, x5) = Y abxyxy  (A35)
where "

()R-
Opg =

Y Il (M = g — m) (A36)

m<q
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Thus the coefficients ¥, and o) are also
determined.

Acknowledgement

The visit of K. Viswanathan to the University of
Newcastle was funded by a grant (F8215322) to
B. L. Karihaloo from the Australian Research
Grants Scheme.

References

1. G. P. SENDECKY]I, Eng. Fract. Mech. 6 (1974) 33.

2. Z. A. MOSCHOVIDIS and T. MURA, ASME J.
Appl. Mech. 42 (1975) 847.

3. Y. P. CHIU, ibid. 44 (1977) 587.

4. M. TAYA and T. W. CHOU, Int. J. Solids Struct.
17 (1981) 553.

5. M. TAYA and W. G. PATTERSON, J. Mater. Sci.
17 (1982) 115.

6. B. L. KARTHALOO and K. VISWANATHAN,
ASME J. Appl. Mech. 52 (1985) 91.

7. J. D. ESHELBY, Proc. R. Soc. A241 (1957) 376.

8. Idem, Elastic Inclusions and Inbomogeneities, in
“Progress in Solid Mechanics”, edited by I. Sneddon and
R. Hill (North-Holland, Amsterdam, 1961) p. 89.

Received 16 October 1984
and accepted 8 January 1985



